It is well-documented in the literature that the Nikolsky-Eisenman equation cannot accurately describe the equilibrium of ion exchange at membrane electrodes for ions of different charge. Despite this, unfortunately, it is still widely used owing to the complexity of the more rigorous formalism developed by Bakker et al. in 1994. Here, different available approaches are presented in a unified manner and compared. This includes two different approximations that are equally appropriate for cases of low level of interference where the extent of ion-exchange is comparatively small, one of which is introduced here for the first time 
Introduction
Ion-selective membrane electrodes (ISEs) are today well established and widely used as analytical sensors. ISEs with polymeric membranes as recognition elements are attractive as they operate on the basis of versatile extraction and complexation principles, with a wide range of macromolecular interactions possible by the use of so-called ionophores that allow one to tune and optimize ion selectivity.
Membrane electrodes are not confined to their use by potentiometry at zero current. Recent years have seen the emergence of dynamic electrochemistry as alternative readout, giving rise to measurement systems that can give different analytical information or improved robustness. Recent examples include constant current chronopotentiometry [1] , thin sensing layer voltammetry [2] , ion transfer stripping voltammetry [3] , and thin layer coulometry [2b, 4] .
These findings have initiated renewed interest in the development of appropriate response models to understand time dependent behavior of a range of sensing readout methods available today. Numerical finite element simulations are an effective tool to achieve this goal, where mass transport by diffusion and electrical migration is simplified by assuming linear concentration gradients between discrete distance elements that are made to represent the experimental problem. [5] However, the interface between the sensing membrane and solution represents a non-continuity that is normally described by assuming a local equilibrium between neighboring elements across the interface. This treatment is relatively straightforward for ion-exchange processes with ions of the same charge, but becomes increasingly complex if the two ions exhibit different valencies, as with calcium or magnesium-selective electrodes.
Another application where progress significantly depends on available mixed ion response formalisms is the determination of unbiased selectivity coefficients.
Recently, Egorov's group introduced an alternative technique for the determination of low unbiased selectivity coefficients based on the time-dependent behavior of the selectivity coefficients obtained by the separate solution method [6] . Unfortunately, this technique is currently only applicable to equally charged ions owing to the inaccuracy or complexity of describing ion-exchange behavior at membrane electrodes for other ion valencies [5f, 6] .
The Nikolsky-Eisenman equation has traditionally been used to treat the mixed ion response of membrane electrodes. However, it has repeatedly been documented in the literature that is inconsistent and results in an incorrect prediction of the electrode response function when the charge of the exchanging (interfering) ion is different from that of the primary ion [7] . A self-consistent selectivity formalism for the description of the mixed ion response functions for ions with different charges is today available based on a rigorous thermodynamic treatment that should serve to replace the Nikolsky-Eisenman equation [7b, 8] . Unfortunately, this newer selectivity formalism is mathematically more complex than the NikolskyEisenman equation and there is a need for a simplification in some restricted cases of practical relevance, such as when the level of ion-exchange is relatively small. This contribution describes, in a unified manner, the selectivity formalisms available to date. These are used to describe the mixed ion response of ionselective membrane electrodes. In a second step, their ability to accurately describe the ion-exchange equilibrium is rigorously compared. Additionally, a new approximation of the ISE potential in mixed ion solutions is introduced and included in the comparison, along with the Nikolsky-Eisenman formalism and its permutated form, as well as the most general and rigorous model [7b] and an earlier simplification [7b] for two the most prevalent cases of multivalent ions (zi = 2, zj= 1 and zi= 1, zj= 2).
Results and Discussion
There are several models that allow one to describe the potentiometric response in a mixed solution of ions with different charge [7a, 7b, 8] . These models are different in terms of their complexity and the rigor of their theoretical assumptions. A range of such models to assess the equilibrium of ion-exchange and therefore the accuracy of the predicted potential at ion-selective membranes are here compared. We start with the semi-empirical Nikolsky-Eisenman formalism, written in its regular and permutated form where the definitions of the primary and interfering ions are altered, continue with a more rigorous approach and its subsequent simplification on the basis of phase boundary potential model given by Bakker et al., and finally introduce a new approach to achieve the same goal in a different, mathematically simplified manner. Nikolsky-Eisenman formalism. The Nikolsky equation has historically been the first attempt to describe the response of ISEs in solutions containing primary and interfering ions. This equation was originally derived for the case of single charged primary and interfering ions and afterwards was empirically extended and generalized for all combinations of charges as the Nikolsky-Eisenman equation [7a, 9] , written here as: (1) where and are the sample activities of primary and interfering ions i and j with the charge numbers and correspondingly, is the selectivity coefficient, is the electrode slope of , where the R is the universal gas constant, T the absolute temperature, F is the Faraday constant. If the potential strictly describes a single phase boundary potential, can be understood as:
where is the concentration of the (uncomplexed) ion i at the membrane side of the interface, and is the standard electrode potential, which is a direct function of the standard chemical potential differences ( and ) for the ion i in the membrane and aqueous phases:
The selectivity coefficient, , is a constant parameter for a particular ISE that can be calculated as [7c, 7d, 9-10] : (4) where is defined for the interfering ion in complete analogy to for the primary ion according to eq 2.
The Nikolsky-Eisenman equation is a compact and useful formula that has found widespread acceptance in the field. However, owing to its semiempirical origin some have questioned whether it is appropriate for describing the mixed multivalent ion response of a membrane electrode. It was for example shown that the Nikolsky-Eisenman equation is not a symmetrical equation for ions of different charge. If one treats the primary as the interfering ion and vice versa the potential in a mixed sample should be described as: (5) where the selectivity coefficient is related to the selectivity coefficient
and can be represented on the basis of eq 4 as follows:
In this situation any self-consistent theory should yield the same predicted potential. However, the Nikolsky-Eisenman formalism predicts significantly different potentials in a mixed sample containing ions of different charge according to the eqs 1 and 5: [7b, 7c] . Depending on the particular case of charge combinations and explored concentration range the reversed form of the NikolskyEisenman equation, where the primary ion treated as an interfering one, might provide more accurate potential values and is therefore considered here further [7b, 7c] . Self-consistent model describing the potentiometric response in mixed ion solutions of different charge. In 1994 Bakker et al. proposed a formalism [7b] as an extension of Morf's earlier work [11] . It is free of the above mentioned drawback of the Nikolsky-Eisenman formalism and allows one to predict mixed ion ISE potentials that are in a good agreement with experimental values. This formalism was developed on the basis of the phase boundary potential model and phase transfer equilibria at the sample/membrane interface [7b] . The general equation for this model can be expressed as follows [7b] : (8) with .
Solving eq 8 for the potential gives a particular solution for every combination of zi and zj. For ions of the same charge, the new formalism gives the same result as the Nikolsky-Eisenman equation. The explicit response functions for two distinct cases discussed in this paper are given below for zi = 1, zj = 2
It is apparent that according to the formalism described in this section different explicit solutions have to be derived for each particular charge pairs and the resulting equations are relatively cumbersome. Fortunately, as originally shown by
Bakker et al., the general eq 8 for this model can be simplified for the cases of relatively small interference (about 10%), assuming that on the left hand side of eq 8 is nearly equal to : . In this case, eq 8 can be approximated by
Thus, for the case of relatively small interference all variations of charge pairs can be described by one explicit response function as follows: (12 giving results identical to the ones discussed above (eqs 9 and 10) [8] . The general equation for this model for two ions present in a mixed solution may be represented as follows [8] :
We suggest here another possibility to simplify the general relationships for mixed ion response for the cases of relatively small levels of interference on the basis of eq 13. If the interference is small, E in the second term may be approximated by the potential measured in the absence of interference, and described by the Nernst equation as follows: 
As a result, eq 13 is rearranged after inserting eq 14 and yields:
After inserting the definition of selectivity coefficient according to eq 4 into eq 15, the latter is solved for the boundary potential to give the following simplified equation describing mixed ion response behavior:
(16) Figure 1 shows the response functions predicted by the most rigorous eqs 9 and 10
and by the Nikolsky-Eisenman formalism (eqs 1 and 5) along with the two approximations (eqs 12 and 16) for the cases of zi = 1, zj = 2 (see Figure 1a ) and zi = 2, zj = 1 (see Figure 1b) . Subsequently, in Figure 2 one can compare the difference between the most accurate potential values calculated using the most rigorous eqs 9 and 10 for the studied charge pairs and the ones predicted by the Nikolsky-Eisenman formalism (eqs 1 and 5) along with the two approximations (eqs 12 and 16). One may see that the potential values from the NikolskyEisenman formalism (NE1 and NE2) are significantly different from each other and the full equations predicted by eqs 9 or 10. It is interesting that for the case of zi = 1, zj = 2 the permutated form of Nikolsky-Eisenman equation (NE2) provides a better correspondence to the thermodynamic model than the direct form (NE1) for the range of low interferences and the maximum EMF difference in the whole primary ion activity range in this case is about 4 mV while for the direct form it is about 6 mV (see Figure 1 and 2).
Clearly, the two approximations are only adequate for small deviations from the Nernstian slope and therefore are only useful to quantitatively understand ion-
exchange behavior for membranes where the level of intereference is low. The demonstrated EMF difference for both approximations is almost zero for the range of low interference, which corresponds to the primary ion activity about 1-1.5
order of magnitude higher than the thermodynamic detection limit but it increases abruptly up to 10 mV and more below the thermodynamic detection limit (see Figure 1 and 2). The approximation developed by Bakker et al. in 1994 provides somewhat better results in comparison with the new approximation: for the case of zi = 1, zj = 2 the start of the abrupt deviation of the EMF values is shifted closer to the detection limit (see Figure 2a ) while for the case of zi = 2, zj = 1 the increase of the deviation of the EMF values is more gradual (see Figure 2b ).
The essential parameter for most numerical simulations describing the mixed ion response is the calculation of the fraction of the primary ion remaining in the membrane phase, i.e. not exchanged by the interfering ion.
The membrane concentration of the primary ion i in the absence of ion-exchange is
given by the ion-exchange capacity, , where is the ion-exchanger concentration: (17) while the primary ion concentration after ion-exchange between primary and interfering ions may be represented by the following expression: [12] (18) Consequently, the mole fraction of primary ion remaining in the membrane can be calculated as:
By inserting any of the appropriate expression for the phase boundary potential Clearly, eq 20 cannot generally be considered mathematically simpler in comparison with eqs 9 or 10. Moreover, it was derived in a semiempirical manner and its applicability for ions of even higher valencies requires additional studies.
Despite this, it looks very promising as it is the first explicit equation that can be used in its explicit form to describe ion exchange at membrane-sample interface for any combinations of charge pairs and can provide an acceptable accuracy for the entire range of ion-exchange.
Conclusions
A new approximation of ISEs potential in mixed solution of ions with different charges was substantiated. It was compared with the most accurate and rigorous ( ) One of the important factors that should be also taken under consideration by researchers while making this choice is the final application. In particular, we recently found that the new approximation proposed here to describe the mixed ion potentiometric response made it possible to analyze the time-dependent behavior of selectivity coefficients [13] , which was not possible on the basis of other models previously described in the literature. 
